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AN EXAMPLE OF NON-SIMPLY CONNECTED NON-LIFTABLE 
CALABI-YAU 3-FOLD IN POSITIVE CHARACTERISTIC 

YUKIHIDE TAKAYAMA 


Abstract. We show an example of non-simply connected non-liftable Calabi- 
Yau threefold over an algebraically closed field of characteristic 3. It is constructed 
from a simply connected example by S. Schrber. 


1. Introduction 

Let k be an algebraically closed field of positive characteristic p > 0. A smooth 
projective variety X over k is called Calabi-Yau if it has trivial canonical bundle 
ujx — Ox and H^{X, Ox) = 0 for i 7^ 0, dimX. 

A projective variety X over k is called projectively liftable to characteristic 0 
(liftable, for short) if there exists a projective scheme 

X —> Spec R 

over a complete discrete valuation ring (R, m) of characteristic 0 such that k = R/m 
and X = 3i®Rk. It is known that Calabi-Yau varieties of dimension < 2 are liftable, 
but for dimension 3 several non-liftable examples have been found so far. 

Examples of non-liftable Calabi-Yau threefolds by Hirokado, Ito, Saito and Schroer 
PEllElE] are all simply connected and non-liftability is caused by vanishing the 
third Betti number 63(X) = 0, which never holds in characteristic 0. The examples 
by Cynk and van Straten [1] are double cover of ramified at an arrangement of 8 
planes of characteristic p = 3, 5. The third Betti number is non-trivial at least for 
p = 5. The author is not aware whether the examples by Cynk and van Straten are 
simply connected or the third Betti number vanishes for p = 3. 

In this paper, we consider a positive characteristic version of Beauville’s method to 
construct non-simply connected Calabi-Yau threefold over C. This method virtually 
allow us to produce many non-simply connected non-liftable Calabi-Yau threefolds 
with trivial third Betti number, provided that we find suitable finite group action. 

As an instance we give an example of non-liftable Calabi-Yau threefold produced 
from the example by Schroer in characteristic p = 3. 

2. Calabi-Yau etale covers 

In this section, we fix an algebraically closed field k of positive characteristic p > 0. 
For a sheaf R over a variety X, we denote dim^ R*(X, R) by h*(X, R). Also W{X) 
denotes the Hodge number dimfcR-^ (X, kl^x/k)- 
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Beauville [I] constructed an example of non-simply connected Calabi-Yau three¬ 
fold over C using free action of finite group. This idea is also used in |3] for con¬ 
structing many examples of non-simply connected Calabi-Yau threefolds over C 
from Schoen type Calabi-Yau threefold. Here we give a slightly extended version of 
Beauville’s method in positive characteristic. 

Lemma 1. Let d be a positive integer with {d,p) = 1 , f : X ^ Y a finite etale 
cover of degree d, where X and Y are varieties, and F a guasi-coherent sheaf on Y. 
Then dim^ H\Y, F) < dim^ H\X, f*F). 

Proof. Since / is surjective, we have a canonical injection f^ : Oy ^ f*Ox- On the 
other hand, since d is a unit in the base field, we have the trace map Tr : f^Ox = 
f*f*OY —)■ Oy whose composition with the canonical morphism fj : Oy —)■ /*/*(9y 

Tr 

yields multiplication map by d: Oy —>■ Oy. Thus we have a split exact 

sequence 

0 —)■ Oy —)■ f^Ox —Coker-0 —)■ 0 

hence f^,Ox — Oy © Coker and we have = (/*C>x) O = F (B L, with 

L := Coker© F by projection formula. Now since / is a finite morphism, we 
have f*F) = H\Y, f^f*F) = H\Y, F) ©id*(Y, L) and we obtain the required 

result. □ 

Theorem 2 (cf. Beauville [T]). For an odd integer n > 3 and a Calabi-Yau n-fold 
X, if there exists a finite etale cover f : X ^ Y of degree d prime to p to a projective 
variety Y, then Y is also Calabi-Yau. 

Proof. Since / is finite etale of degree d, (d, p) = 1, and F(Y, Ox) = 0 for i 7 ^ 0 ,n, 
we have F{Y, Oy) = 0 for i 7 ^ 0, n by Lemma [H Moreover, since / is etale and X is 
smooth projective, Y is also smooth projective. Now since X is Calabi-Yau and n is 
odd, we have x(C>x) = 0 and h^{Y, Oy) — h'^{Y, Oy) = x{^y) = deg(/) • xi^x) = 0 
so that h^(Y, Oy) = h^{Y, Oy) = 1 since k is algebraically closed. By Serre duality, 
we have h^{Y, uy) = 1, so that we can take a non-trivial global section a G H^{uy). 
Then its pullback f*a = cro/ g H^{ux) is everywhere nonzero. Since / is surjective, 
a is also everywhere nonzero, which means that uy = Oy. □ 

Note that. Theorem [2] does not hold for even-dimensional Calabi-Yau variety. In 
fact, following the discussion of the proof of Theorem [2], we have 

1 + dimfc H^{uy) = xiOy) = deg / • x(C’x) = 2 deg(/) 

Hence, we have wy ^ Oy only if deg(/) = 1, i.e., X = Y. 

Corollary 3. Let n > 3 be an odd integer. If X is simply connected Calabi-Yau 
n-fold and Y = X/G is projective, where G is a finite group with jjG = d and 
(d, p) = 1 acting on X freely. Then Y is Calabi- Yau with the algebraic fundamental 
group 7 rf^(Y) = G. 

Notice that we assume Calabi-Yau variety to be projective and existence of etale 
cover / : X —)■ Y with X projective does not necessarily imply Y to be projective. 
Hence we have to assume projectivity of the quotient Y = X/G in Cor. [3l 
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There are Calabi-Yau threefolds X in positive characteristic with the third Betti 
number h^{X) := dimQ^ Q^) = 0 , with £ 7 ^ p, P HSl El P- Since the Betti 

numbers are preserved in deformation and, by Hodge decomposition, a Calabi-Yau 
threefold in characteristic 0 always has non-trivial third Betti number, Calabi-Yau 
threefolds X in positive characteristic with 63 (X) = 0 cannot be liftable to charac¬ 
teristic 0. Now we have 

Corollary 4. Let X be a non-liftable Calabi-Yau threefold X over an algebraically 
closed field k o/char(/c) = p > 0 with b^i^X) = 0 and f : X ^ Y a finite etale cover 
of a projective variety Y with deg / = d, {d,p) = 1. Then Y is also a non-liftable 
Calabi-Yau threefold with bfiY) < bfiX) for all i and C^{Y) < C^{X) for all i,j. 
If, furthermore, X is simply connected and Y = X/G with G a finite group acting 
freely on X with jjG prime to p, then Y is non-simply connected with n'f^iY) = G. 

Proof. is a constant sheaf so that f*Q,e = Qi- Moreover, since / : X —)• Y is 
etale, we have f*flY/j^ = ^x/k Hence by Lemma[T]we have C^(Y) < C^{X). 

Also for the etale sheaf Q^, we have a composite map 

WjY.iit) H'JX.Q,) A H'JY.Qi) 

where Tr is the trace map (cf. Lemma V.1.12 [lO]). This map is multiplica¬ 
tion by d, which is invertible since (d, p) = 1. Thus we have dimq^ HlfiY,Qi) < 
dimQ^ -H*(X, Q^). In particular we have Hl^iY, Q^) = 0 from H^fiX, Qi) = 0. □ 

3. Non-liftable CY 3-fold with fundamental group Z/2Z 

The aim of this section is to show the following result using the method given in 
the previous section. 

Theorem 5. There exists an example of non-liftable Calabi-Yau threefold X over an 
algebraically closed field of characteristic 3 such thatbfiX) = 0 and {X) = ZjXZ. 

We construct our example from the example by Schroer in characteristic 3 [T5] . 
The idea is to apply Liebermann’s involution on schroer variety. 

3.1. Review of Schroer variety. We hrst recall the construction of Schroer variety 
in characteristic p = 3. It is obtained from a Moret-Bailly’s hbration of supersingular 
abelian surfaces over m by taking the desingularized quotient of involution. 
Thus it is a hbration of Kummer surfaces over P^. 

Precisely, let k be an algebraically closed held of characteristic p = 3. Take 
a superspecial abelian surface A = Ei x E 2 , where Ei are supersingular elliptic 
curves. As an abelian variety, we have a subgroup scheme K{L) := ap x ap C 
A, where Op is the group scheme dehned by Op = Spec fc[X]/(X^), and we take 
the product with P^: K{L) x P^ C A x P^. Now we have a subgroup scheme 
R := Op X P^ C K{L) X P^ which is a group scheme of height one corresponding 
to p-Lie subalgebras (Ppi(—1) C Ofi © C>pi(c Lie{A x P^). Explicitly, we have 
K{L) X P^ = SpecOpi[x,y]/{xP,yP) and H = Spec (3pi [x, p]/(a;^, p^, te — sy) where 
[s : t] is the projective coordinates of P^. Now take X := (A x ¥^)/H which is 
supersingular abelian surface over P^. Now by taking the hberwise quotient by the 
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involution induced from {x, y) i—)■ {—x, —y) on A together with desingularization we 
obtain the Kummer surface pencil tt : X —)■ P^, which is a Calabi-Yau threefolds 
with & 3 (X) = 0 , i.e., non-liftable. 

3.2. Liebermann’s involution and our example. We recall Liebermann’s invo¬ 
lution (DEI)- Using the notation in the previous subsection, let a = {a, (3) G A 
be a 2 -torsion point not lying on Ei or E 2 , i.e., a and (3 are non-zero 2 -torsion 
points in each Ei, {i = 1, 2). Let 5 be a Kummer surface obtained from A and 
an involution of S induced from the involution {x,y) {—x,y) on A. Also let ax 

be also an involution of S induced from the translation by a: A3x^x + a& A. 
Then e := a^ax is a hxed point free involution on S. It is explicitly described at 
the level of A by 

{x,y) H- {-X + a,y + 13). 

Then the quotient S/e is an Enriques surface. 


3.3. Proof of Theorem Now our example is obtained by applying £ not on A 
(and its lifting A x P^) but A/op (and its lifting A x P^/iL). Notice that, since e 
is involution and the action of H on each hber is the translation by an order p = 3 
element, £ acts freely on A x ¥^/H and on the Schroer variety obtained from this. 
Then we have 

X Y := X/e 


pi 


pi 


where / is an etale cover of degree 2 and p is dehned by 93 o / = tt. 
Thus we have the following, from which Theorem [5] is immediate. 


Proposition 6. For the Schroer variety X in characteristic 3, there exists an Male 
cover f : X —)■ y of degree 2. Y is a non-liftable Calabi-Yau threefold withnf‘^{Y) = 
I.ITL and bi{Y) = 63 (K) = 65 (K) = 0 and E^{Y) = y\Y) = 0 /or (i,j) = 
(0,1), (0,2), (1,2), (1,3), (2, 3). 

Proof. According to [151 E); we have &i(X) = 63 (X) = 65 (X) = 0 and E^{X) = 
h^\X) = 0 for {i,i) = (0,1), (0, 2), (1, 2), (1, 3), (2, 3) so that by Corollary 0 ] the 
same holds for Y. For the projectivity of Y we have only to prove that 93 is a 
projective morphism. Since X^ := TT~^{ri) with p G P^ a generic point, is a smooth 
K3 over k{ri) and Y^ := (p~^{ri) is the Enriques surface over /c(? 7 ) obtained by taking 
the quotient of X^ by the involution. Thus Yp is a smooth projective variety. Let 
Cp be an ample line bundle of Yp. By taking the Zariski closure, we can extend 
Cp to a line bundle C on Y. Since the Picard numbers piYp) = p{Yt) {t G P^), the 
specialization map Pic(U,) —> Pic(y)) has hnite cokernel. Thus C.C > 0 for any 
irreducible curve C G Yt. We also have Cfk3t = Frj-k3p > 0 and thus Ct = is 
ample. Therefore, C is (p-ample. □ 


Remark 7. Other examples of non-liftable Calabi-Yau threefolds by Hirokado, Ito 
and Saito HIEIE] are all desingularized fiber product of two guasi-elliptic surfaces 
or fiber product of elliptic and guasi-elliptic rational surfaces. A guasi-elliptic curve 
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is not abelian variety and moreover for a quasi-elliptic curve C over an algebraically 
closed field k of characteristic 3, Aut(C') does not contain an element of order 2 
(Proposition 6 [2]j. Thus we cannot use the Liebermann’s involution as we did for 
the Schroer variety. 
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